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1.0  INTRODUCTION 
This  r e p o r t  d e s c r i b e s  t h e  r e s u l t s  of  a n  
e x t e n s i v e  a n a l y s i s  of s e v e r a l  sets o f  laser  
t r a c k i n g  d a t a  from t h e  BE-C and GEOS-A s a t e l l i t e s .  
The Laser Tracking System a t  Goddard Space F l i g h t  
Center  ob ta ined  t h e  data.  
c u s s e s  t h e  a n a l y t i c a l  and s t a t i s t i c a l  t echn iques  
used t o  ana lyze  da t a  from a s i n g l e  h i g h l y  accu- 
rate t r a c k i n g  system whose primary measurement is 
t h e  s l a n t  range from t h e  t r a c k e r  t o  t h e  s a t e l l i t e .  
The r e p o r t  a lso d i s -  
The development of a new and h i g h l y  a c c u r a t e  
t r a c k i n g  system, such as t h e  Goddard Laser System, 
p r e s e n t s  some s p e c i a l  problems i n  v e r i f y i n g  i t s  
accuracy.  V e r i f i c a t i o n  r e q u i r e s  comparing t h e  
system t o  a m o r e  accu ra t e  r e f e r e n c e  system. This  
t ype  of " y a r d s t i c k "  i s  n o t  a v a i l a b l e ;  t h e r e f o r e ,  
v a r i o u s  i n d i r e c t  techniques must be used. F i r s t ,  
one must f i n d  some estimate o f  t h e  s t a t i s t i c a l  
c h a r a c t e r  of t h e  high frequency errors i n  t h e  
measurements. To  o b t a i n  t h i s  estimate, one can  
f i t  an  o r b i t  t o  t h e  observed d a t a  and i n v e s t i g a t e  
d e v i a t i o n s  i n  t h e  measurements from t h e  f i t t e d  
o r b i t .  I f  t h e  measurement r e s i d u a l s  do n o t  e x h i b i t  
s i g n i f i c a n t  serial  c o r r e l a t i o n  and i f  t h e  average 
r e s i d u a l  i s  sma l l ,  e.g., < .1 meter, one may con- 
elude t h a t  t h e  square root  of t h e  average square  
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r e s i d u a l  i s  a good estimate o f  t h e  s t a n d a r d  devia- 
t i o n  of t h e  measurement. 
t h a t  t h e  measurement i f  f r e e  from s y s t e m a t i c  
errors excep t  those  t h a t  can be e f f e c t i v e l y  masked 
by a s h o r t  a r c  o r b i t a l  f i t .  
t h e  type  of sys t ema t i c  errors t h a t  c a n  be effec- 
t i v e l y  masked by a s h o r t  a r c  o r b i t a l  f i t  shows 
t h a t  t h e  o r b i t a l  parameters  a re  amazingly success-  
f u l  i n  a d j u s t i n g  o u t  many combinations of  t h e  l o w  
f requency sys t ema t i c  r e s u l t s .  Moreover, a l l  t ypes  
of sys t ema t i c  error(s)  i n v e s t i g a t e d  can be removed 
except  s e r i a l l y  c o r r e l a t e d  e r r o r s .  The r e s u l t s  
of t h e  s h o r t  arc o r b i t a l  f i t s  a r e  d i s c u s s e d  i n  
S e c t i o n  3.1. 
One may a l s o  conclude 
A s tudy  t o  de te rmine  
T o  i n v e s t i g a t e  t h e  d a t a  and f u r t h e r  f o r  t h e  
presence  of  sys t ema t i c  errors, one must have n e a r l y  
s imultaneous d a t a  f r o m  ano the r  t r a c k i n g  system of 
h igh  accuracy.  Data w a s  a v a i l a b l e  on one of t h e  
pas ses  cons ide red  f r o m  t h e  Navy TRANET Doppler 
Tracking System i n  Howard County, Maryland. 
d a t a  f u r n i s h e d  a n  e x c e l l e n t  comparison f o r  f u r t h e r  
d e t e c t i n g  p o s s i b l e  sys t ema t i c  errors i n  t h e  laser 
d a t a .  R e s u l t s  of o r b i t a l  f i t s  w i t h  t h e  TRANET 
d a t a  a s  w e l l  as  r e s u l t s  of  s imultaneous f i t s  w i t h  
TRANET and laser da ta  are desc r ibed  i n  S e c t i o n  4 . 0 .  
This  
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2.0  THE DIFFERENTIAL CORRECTION PROCESS 
To g i v e  those  u n f a m i l i a r  w i t h  t r a c k i n g  data 
a n a l y s i s  some understanding of t h e  procedures  
fol lowed to  a r r i v e  a t  t h e  r e s u l t s  p re sen ted  h e r e ,  
t h e  rudiments  of t h e  Bayesian minimum v a r i a n c e  
procedure used i n  o r b i t  de t e rmina t ion  a r e  o u t l i n e d  
below. W e  w i l l  r es t r ic t  o u r s e l v e s  he re  t o  t h e  
e s t i m a t i o n  of on ly  o r b i t a l  parameters  which w e  
w i l l  denote ,  f o r  g e n e r a l i t y ,  by xi, i = 1, ... \6. 
These may be r e c t a n g u l a r  i n e r t i a l  c o o r d i n a t e s ,  
c lass ica l  Kepler ian elements ,  o r  any cho ice  of 
s i x  independent v a r i a b l e s  capable  of d e s c r i b i n g  
t h e  p o s i t i o n  a n d  v e l o c i t y  of t h e  s a t e l l i t e  a t  a 
g iven  i n s t a n t .  The g o a l  o f  t h e  e s t i m a t i o n  i s  t o  
de termine  t h e  set of o r b i t a l  parameters  a t  a given 
t i m e  to ( c a l l e d  epoch) which produces t h e  trajec- 
t o r y  best f i t t i n g  t h e  measurements i n  t h e  minimum 
v a r i a n c e  sense .  The a n a l y s i s  d e s c r i b e d  h e r e i n  
can be e a s i l y  extended t o  i n c l u d e  t h e  e s t i m a t i o n  
of o t h e r  parameters ,  such as  s t a t i o n  p o s i t i o n  of 
t r a c k e r s  and in s t rumen ta t ion  error model para-  
meters. 
The o r b i t  de te rmina t ion  problem f a l l s  i n t o  
t h e  ca t egory  of t h e  non- l inear  e s t i m a t i o n  problem; 
i . e . ,  t h e  measurements from which t h e  o r b i t  i s  t o  
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be deduced a r e  n o t  e x p r e s s i b l e  a s  l i n e a r  f u n c t i o n s  
of t h e  unknowns (x i = 1, . . . 6) . This  non- 
l i n e a r i t y  r e q u i r e s  t h a t  t h e  e s t i m a t i o n  procedure 
be i t e r a t i v e  r a t h e r  t han  s t r i c t l y  a n a l y t i c  a s  i n  
t h e  l i n e a r  case. A f u r t h e r  compl ica t ion  arises 
because t h e  equat ions  of motion which apply  t o  
t h e  nea r -ea r th  s a t e l l i t e  problem are n o t ,  i n  
g e n e r a l ,  s o l v a b l e  i n  c l o s e d  form b u t  are r e q u i r e d  
t o  be i n t e g r a t e d  numerical ly .  
if 
The t w o  bas ic  p a r t s  of any o r b i t  determina-  
t i o n  program are t h e  O r b i t  Genera tor  and t h e  
E s t i m a t o r .  W e  w i l l  b r i e f l y  d i s c u s s  each of t h e s e  
i n  t u r n .  
2 . 1  The O r b i t  Generator 
The o r b i t  gene ra to r ,  u s i n g  a nominal o r  f i rs t  
guess  s e t  of elements a t  epoch, i s  used t o  numeri- * 
c a l l y  i n t e g r a t e  t h e  equa t ions  of motion t o  give 
t h e  p o s i t i o n  and  v e l o c i t y  of  t h e  s a t e l l i t e  a t  any 
t i m e  t. Of p a r t i c u l a r  i n t e r e s t  i s  t h e  p r e d i c t e d  
p o s i t i o n  and v e l o c i t y  a t  t h e  t i m e s  when measurements 
f r o m  t r a c k i n g  in s t rumen ta t ion  are a v a i l a b l e .  The 
d i f f e r m t i a l  c o r r e c t i o n  p rocess  i t e r a t i v e l y  cor- 
rects t h e  nominal e lements  by minimizing t h e  sum 
4 
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of squared d i f f e r e n c e s  between observed and com- 
puted measurements. The l a t t e r  are c a l c u l a t e d  
from t h e  p r e d i c t e d  x . i 
The o r b i t  gene ra to r  a l s o  p rov ides  some of 
t h e  p a r t i a l  d e r i v a t i v e s  r e q u i r e d  by t h e  e s t i m a t o r  
s e c t i o n .  These d e r i v a t i v e s  a r e  of t h e  form: 
i = 1, ... 6; j = 1, ... 6 
where x i ( t )  a r e  t h e  p o s i t i o n  and v e l o c i t y  a t  t i m e  
t (a measurement t i m e )  wh i l e  x i ( t o )  a r e  t h o s e  a t  
epoch. For a l l  but  a few s p e c i a l  c a s e s  ( e . g . ,  
t h e  two body c e n t r a l  f o r c e  problem and t h e  i n c l u -  
s i o n  of t h e  J2 term i n  t h e  e a r t h ' s  p o t e n t i a l )  t h e  
p a r t i a l  d e r i v a t i v e s  g iven  above a r e  n o t  a v a i l a b l e  
i n  c l o s e d  form and t h e r e f o r e  must be determined 
by numerical  methods. 
c r e a t e d  by i n t e g r a t i n g ,  i n  a d d i t i o n  t o  t h e  s i x  
d i f f e r e n t i a l  equat ions  (one f o r  each xi) of t h e  
nominal o r b i t ,  s i x  a d d i t i o n a l  sets of s i x  d i f f e r e n -  
t i a l  equa t ions  with one of t h e  x i ( t o )  pe r tu rbed  i n  
t u r n .  
These d e r i v a t i v e s  are 
I f  t h e  p e r t u r b a t i o n  i s  denoted by Axi(to) 
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and t h e  p o s i t i o n  and v e l o c i t i e s  of t h e  p e r t u r b e d  
o r b i t s  by x f ( t ) ,  t h e  t h i r t y - s i x  p a r t i a l  d e r i v a t i v e s  
are approximated by: 
x f ( t )  - X i ( t )  
xj (to) 
i = 1 ,... 6; j = 1 ,... 6 (2.2) 
A f t e r  each success ive  e s t i m a t i o n ,  t h e  set of 
c o r r e c t e d  elements  i s  r e t u r n e d  t o  t h e  o r b i t  genera- 
t o r ,  and t h e  above procedures  a r e  r epea ted .  
2.2 The Est imator  
The e s t i m a t i o n  procedure which i s  d e s c r i b e d  
he re  i s  of t h e  Bayesian minimum v a r i a n c e  type ;  
i . e . ,  t h e  e s t i m a t i o n  c r i te r ia  i s  based n o t  on ly  
on t h e  estimate of t h e  n o i s e  of t h e  measurements 
b u t  a l so  on an  - a p r i o r i  u n c e r t a i n t y  i n  t h e  esti-  
m a t e  of t h e  unknowns. For  example, i n  e s t i m a t i n g  
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orbital elements, xi, an uncertainty in the nomi- 
nal values of these is used in the process. If 
the uncertainty in x 
weighting matrix is of the form: 
is ux , a typical a priori i - i 
- 
uxlx6  
ux2x6 
Ox x 3 6  
2 
6 uX 
- 
2 
U 
x1 ux1x2 ux x 1 3  
(3 
x2x3 
2 U 
*2 
(3 x x  2 1  
ax3xl  
ux x 6 1  - 
2 
(3 
ux3x2 x3  
c, = 
. .  
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The off-diagonal terms, which are the covariances 
of the xi, are usually taken to be zero, because 
better information is not generally available. 
The variance-covariance matrix is defined 
as : 
V = [BT B 1 - I  
In Beyesian form, i.e., taking account of prior 
information, this becomes, 
-1 
= [BT 1-1 B + E-'] 
vB 0 
The matrix B is an array of partial derivatives of 
the measurements with respect to the unknowns, thus, 
if there are j measurements and i unknowns, B is 
dimensioned j x i. For our problem of estimating 
only orbital parameters, B would appear as 
8 
.I 
B =  
am2 am2 
ax, (to) ax2 (to) 
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Two points should be mentioned here: 
1. Note that the measurement m is made at 
j 
some time t # t so that the partial 
derivatives must be constructed as 
follows: 
0 
am. (t) 
Whereas the derivatives I 
axk (t) 
are available in closed form, the 
axk (t) 
axi (to) derivatives are obtained 
numerically from the orbit generator. 
See Section 2.1. 
2. There may be more than one measurement 
at a given time t. These may be from 
a single station, e.g., measuring 
range, azimuth and elevation, or from 
a number of stations making single or 
multiple measurements while viewing 
the satellite simultaneously. 
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The matrix c i s  a matrix which reflects the 
In general, relative weight of each measurement. 
the measurement 
c= 
- 
2 
0 
- 
noise, CJ is used so that 
j f  
- 
0 0 0 0 0  
and is a j x j matrix.  
11 
The correction to the most recent nominal 
values of the unknowns can now be made. Letting 
m 
j cal observation m and m 
based on the nominal values of xi(to), we con- 
struct the residual column vector E: 
be the measured value of the j obs and mj cal 
the calculated value 
j 
I 
tal - ml m obs 
m - m  
obs cal 
m - m  
j obs j cal - - 
I 
1 2  
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The correction, 6, to the most recent best esti- 
mate of the nominal elements is then given by: 
-1 
6 = [BT E-1 B + C-’] 0 BT E-’E. (2.10) 
Thus, 6 is simply a column vector with six elements 
6 =  (2.11) 
each of which is added algebraically to the corres- 
ponding last nominal element. 
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Each success ive  i t e r a t i o n  i s  begun w i t h  t h e  
new element  set  but  w i t h  t h e  o r i g i n a l  - a p r i o r i  
ma t r ix .  Termination of t h e  i t e r a t i o n  p rocess  can 
be on one of a number of c r i te r ia  some of which 
are : 
1. Value of t h e  mean of  r e s i d u a l s ,  
2 .  Percentage change i n  t h e  unknowns from 
i t e r a t i o n  t o  i t e r a t i o n ,  
3 .  Value of t h e  weighted sum of squa res  
of o b s e r v a t i o n a l  r e s i d u a l s .  
The elements of VB provide  informat ion  on 
t h e  s t anda rd  d e v i a t i o n  i n  t h e  estimates of t h e  
unknowns and t h e  corresponding c o r r e l a t i o n s  be- 
tween them. 
denot ing  i t s  elements by vnm, t h e  s t anda rd  devia-  
t i o n  i n  t h e  ith unknown i s  g iven  by: 
Noticing t h a t  VB i s  symmetric and 
a i  = d V i i  
whi le  t h e  c o r r e l a t i o n  between t h e  estimates of 
t h e  ith and jth unknowns is 
V i .  p i j  = 
a 0  i j  
1 4  
. .  
( 2 . 1 2 )  
(2.13) 
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2.3 The GDOP 
The i n t e r p r e t a t i o n  of t h e  m a t r i x  VB by i t se l f  
i s  also i n t e r e s t i n g  because it forms t h e  b a s i s  of 
t h e  error a n a l y s e s  o f t e n  cal led G D O P ' s  (Geometrical 
D i l u t i o n  of  P r e c i s i o n ) ?  F requen t ly ,  it i s  impor- 
t a n t  t o  know how well a g iven  s t a t i o n  c o n f i g u r a t i o n  
t r a c k i n g  a s a t e l l i t e  i n  a s p e c i f i e d  o r b i t  can  
recover  parameters  of i n t e r e s t .  By choosing a s e t  
of elements  and a s s o c i a t e d  u n c e r t a i n t i e s  i n  t h e s e  
a t  epoch, a s t a t i o n  geometry, measurements t ypes ,  
n o i s e  l e v e l  and frequency of t h e  measurements, t h e  
cova r i ance  m a t r i x  eva lua ted  f o r  t h i s  s i m u l a t i o n  
provides  informat ion  on parameter  recovery  capabi- 
l i t y .  Th i s  procedure p rov ides  v a l u e s  f o r  t h e  
s t anda rd  d e v i a t i o n s  i n  t h e  e s t i m a t e s  and correla- 
t i o n  between e s t i m a t e s  of t h e  unknowns wi thou t  
a c t u a l l y  e s t i m a t i n g  t h e i r  v a l u e .  One unders tands  
t h e  reason  f o r  t h i s  from t h e  d i f f e r e n t i a l  correc- 
t i o n  e s t i m a t o r  i n  S e c t i o n  2 . 2 .  Whereas t h e  
c o r r e c t i o n s  are computed from t h e  combination of 
t h e  r e s i d u a l  v e c t o r ,  E ,  and t h e  var iance-covar iance  
m a t r i x ,  VB, t h e  s tandard  d e v i a t i o n  i n  t h e  estimates 
of t h e  unknowns and t h e  c o r r e l a t i o n s  are  found 
e n t i r e l y  f r o m  VB. 
1 5  
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The u t i l i t y  of t h e  GDOP i n  miss ion  a n a l y s e s  
and p lanning  i s  s u b s t a n t i a l .  T h i s  procedure  is 
e a s i l y  expandable t o  i n c l u d e  c a p a b i l i t y  such as 
recover ing  s t a t i o n  p o s i t i o n  and error model 
parameter.  
1 6  
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3.0  SINGLE-STATION RANGE ONLY RESULTS 
Th i s  sec t ion  d i s c u s s e s  t h e  r e s u l t s  ob ta ined  
from f i t t i n g  l a s e r  range measurements t o  a s h o r t  
arc of an o r b i t .  The r e s u l t s  p re sen ted  were 
ob ta ined  from s i n g l e - s t a t i o n  o b s e r v a t i o n s  of t h e  
s a t e l l i t e s  BE-C and GEOS-A. The BE-C d a t a  w a s  
t aken  from t h e  Goddard Space F l i g h t  Center  wh i l e  
t h e  GEOS-A t r a c k i n g  w a s  done from Rosman, North 
Caro l ina .  I n  a d d i t i o n  t o  t h e  s h o r t  arc r e s u l t s ,  
a d i s c u s s i o n  of s y s t e m a t i c  error e f f e c t s  on t h e s e  
s o l u t i o n s  i s  presented.  
3.1 S h o r t  A r c  O r b i t a l  F i t  
The laser  t r a c k i n g  d a t a  d i s c u s s e d  i n  t h i s  
s e c t i o n  i s  comprised of range on ly  measurements 
from a s i n g l e  observing s t a t i o n .  These d a t a  
were reduced us ing  t h e  WRDC Simultaneous Least  
Squares Adjustment o f  Parameters (SLAP) , a d j u s t -  
i ng  t h e  o r b i t  t o  the  measurements i n  t h e  minimun 
v a r i a n c e  sense .  
I t  i s  w e l l  known t h a t ,  range on ly  measure- 
ments are g e n e r a l l y  ambiguous when used i n  o r b i t  
e s t i m a t i o n .  This  apparent  impasse i s  overcome i n  
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the SLAP program through the use of - a priori 
information which acts to determine the direc- 
tion from the observer to the satellite for the 
initial range measurements. Although the GSFC 
laser tracking system also measures azimuth and 
elevation angles, these measurements were not 
included in the reductions discussed in this 
section. 
The purpose of the single station solutions 
was three-fold: 
1. To determine the noise level of the 
laser range measurements 
2. To determine whether the high samp- 
l i n g  rate available from this 
instrument provides uncorrelated 
measurements 
3 .  To establish the type of systematic 
errors that cannot be recovered from 
single station range only data and to 
determine those which might be recover- 
able. 
The procedures used are presented below as they 
were executed. 
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Following t h e  pre-process ing  of  t h e  r a w  d a t a ,  
Appendix A ,  Pre-Processing, t h e  d a t a  w a s  reduced 
i n  SLAP, a d j u s t i n g  t h e  o r b i t  u n t i l  t h e  range  res i -  
d u a l s  w e r e  reduced to  t h e  o r d e r  o f  t e n  o r  f i f t e e n  
meters r o o t  mean square about  t h e  mean. A t  t h i s  
p o i n t  t h e  r e s i d u a l s  w e r e  manually e d i t e d  by 
removing t h o s e  p o i n t s  which were s e v e r a l  sigma 
o u t .  Genera l ly ,  t h i s  amounted t o  less t h a n  f i v e  
p e r  c e n t  of t h e  po in t s .  
The e d i t e d  da t a  w a s  t hen  r e submi t t ed  t o  t h e  
SLAP program us ing  t h e  same - a p r i o r i  in format ion  
and a s s o c i a t e d  va r i ances  as  i n  t h e  i n i t i a l  reduc- 
t i o n .  The r educ t ion  of t h e  remaining d a t a ,  which 
provides  t h e  s e t  of o r b i t a l  e lements  g i v i n g  t h e  
b e s t  f i t  t o  t h e  measurements i n  t h e  minimum 
v a r i a n c e s  sense ,  was cont inued  u n t i l  a conver- 
gence c r i t e r i o n  was m e t .  T h i s  c r i t e r i o n  w a s  t h a t  
t h e  average of the  range r e s i d u a l s  w a s  less than  
0 . 1  meter. 
Before determining t h e  t r u e  n o i s e  leve l  i n  
t h e  d a t a ,  one should e s t a b l i s h  whether t h e  resi- 
d u a l s  a r e  e s s e n t i a l l y  random. I f  f o r  example, 
t h e  r e s i d u a l s  tes t  o u t  t o  be s e r i a l l y  c o r r e l a t e d ,  
an  a c c u r a t e  e s t i m a t e  of t h e  t r u e  n o i s e  i s  a t  b e s t  
d i f f i c u l t  t o  make. The appearance of  sys t ema t i c  
t r e n d s  i n  t h e  r e s i d u a l s  can r e s u l t  from biases i n  
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the measuring device and/or serial correlation 
in the measurement errors. Residuals appearing 
random allow for an estimate of the noise to be 
made. One should remember, however, that whether 
bias errors and/or serial correlation are masked 
by a single-station solution remains to be deter- 
mined (Section 2.2). While the appearance of 
being random allows a good estimate of the noise, 
it may not guarantee that the measurements are 
unbiased and uncorrelated. 
A simple "runs" test was applied to deter- 
mine significant non-randomness. This test pro- 
ceeds as follows. 
Given N residuals, the number of times the 
residuals change sign is counted. For cases 
where N > 25 and the residuals are random, the 
number of sign changes n can be assumed normally 
distributed with mean or expected value, 
N + 1  
2 
- 
n =  
20  
I 
I o  
I 
I 
I 
I 
I 
I 
1 
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I 
I 
I 
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and the standard deviation, 
N (N-2) 
4(N-1) 
Letting n be the observed number of sign 
0 
changes, a normal deviate can be computed as 
follows: 
- 
n - n  
0 z =  
0 ( 3  3 )  
This value of z is then compared to the 
tabulated values of the standard normal distri- 
bution to test for significant non-randomness 
of the residuals. For example, 
then the residuals can be considered not to be 
significantly non-random at the 99% confidence 
level. 
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The r e s u l t s  of t h i s  i n v e s t i g a t i o n  are pre- 
s e n t e d  below. Table 1 summarizes t h e  d a t a  from 
each p a s s  analyzed and g i v e s  t h e  se t  of o r b i t a l  
e lements  found which b e s t  f i t  t h e s e  d a t a .  I n  
a d d i t i o n ,  t h e  va lues  of t h e  normal d e v i a t e  des- 
c r i b e d  p r e v i o u s l y  are  g iven .  F i g u r e s  1 - 8 are 
p l o t s  of some of t h e  range  r e s i d u a l s .  Normalized 
h is tograms of t h e  r e s i d u a l s  are  a l so  shown f o r  a 
few of  t h e  passes .  (F igu res  9 - 14.) Figures  
1 5  - 3 0  show t h e  ground t racks  and e l e v a t i o n  
p r o f i l e s  of  t h e  passes  cons ide red .  
From t h e s e  s i n g l e - s t a t i o n  range  on ly  o rb i -  
t a l  f i t s ,  several conc lus ions  can be drawn: 
1. The da ta  examined t o  d a t e  have exhi-  
b i t e d  no s t a t i s t i c a l l y  s i g n i f i c a n t  
non-randomness, even a t  the sampling 
rate of one p e r  second. Th i s  i s  
s i g n i f i c a n t  i n  t h a t  it impl i e s  t h a t  
t h e  l a s e r  system i s  capab le  of pro- 
v id ing  a h igh  d e n s i t y  of  u n c o r r e l a t e d  
measurements. I t  should  be re-empha- 
s i z e d  a t  t h i s  p o i n t ,  however, t h a t  it 
r e m a i n s  t o  be shown t h a t  t h e  system i s  
f ree  of b i a s  errors i n  s p i t e  of  t h e  
random appearance of t h e  r e s i d u a l s .  
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2. The root mean square of the range resi- 
duals are in most cases less than two 
meters. It is believed that this is a 
valid estimate of the noise content in 
the data for the present tracking sys- 
tem configuration. 
3 .  The histograms of the residuals display 
a slight asymmetry toward the long 
range side. This asymmetry is asso- 
ciated with the variation in the return 
signal amplitude which triggers a thres- 
hold type detector. This variation in 
return signal strength appears as a 
variable delay in stopping the system 
clock causing the asymmetric distribu- 
tion in the residuals in the positive 
direction. 
3.2 Systematic Error Discussion 
It is of interest to establish whether the 
results of Section 3 . 1  can be considered to be con- 
clusive or if indeed the single station, range only 
solution is capable of masking one of a number of 
systematic errors or combinations of these biases. 
5 4  
I 
In this study systematic errors of three 
types were considered. 
1 1. The constant bias - a 
2. The rate bias - a2t 
. 
3 .  The time bias - a3R 
Here t is the time elapsed from the epoch of ele- 
ments, and k is the instantaneous range-rate of the 
satellite. 
The systematic errors were applied to the 
range measurements such that the maximum value of 
any single bias was approximately 180 meters. 
The pass used in this study was the 8 October 1966 
GEOS-A pass over Rosmant North Carolina, at 
loh 38m GMT. 
and was made up of 305 data points. A maximum 
range-rate of 5 km/sec was assumed. With this 
information the bias coefficients al, a2/ and a3 
were chosen as: 
The span of data covered 4 2 5  seconds 
a = 180 meters 1 
I 
I '  
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I 
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meters a = 0.412 2 sec 
= 0.037 seconds a3 
The biases were applied to the data in the 
following manner: 
Run 
No. 
1 
-
2 
3 
4 
5 
6 
7 
Bias 
al 
a2t 
a3R 
a +a t 1 2  
a +a ii 1 3  
a 2 t+a3i 
a +a t+a fi 1 2  3 
Comment 
constant bias 
rate bias 
time bias 
constant + rate bias 
constant + time bias 
rate + time bias 
constant + rate + 
time bias 
5 6  
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r 
Run 
No. 
1 
2 
3 
4 
5 
6 
7 
Each of the seven biased data sets was reduced 
exactly as the original data. Recall f r o m  
Table 1 that this data after reduction had a 
root mean square range residual of 1.6 m meters 
about a mean residual of 0.01 meters. The resi- 
duals tested not significantly non-random with a 
normal deviate of 1.61. 
The results of the analysis of the biased 
data runs are given in Table 2. 
TABLE 2 
Mean of 
Residuals (m) 
0.13 
0.05 
0.06 
0.06 
0.14 
0.17 
0.15 
Normal 
Deviate 
0.23 
1.61 
1.61 
-0.80 
0.0 
1.38 
-1.49 
8 October 1966 Data Reduced With 
Simulated Systematic Errors 
5 7  
I 
I -  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
These r e s u l t s  c l e a r l y  i n d i c a t e  t h a t  any 
of t h e  s y s t e m a t i c  e r r o r s  in t roduced  above i n  any 
combination c a n  be e f f e c t i v e l y  masked by a s h o r t  
arc s i n g l e - s t a t i o n  o r b i t a l  f i t .  Whereas a s h o r t  
arc f i t  i s  a u s e f u l  t o o l  f o r  e v a l u a t i n g  t h e  n o i s e  
c h a r a c t e r i s t i c s  of a n  ins t rument ,  t h e  o r b i t a l  
e lements  of t h i s  f i t  should n o t  be taken  as  
d e f i n i t i v e .  Moreover, s h o r t  arc  s i n g l e - s t a t i o n  
f i t s  are  n o t  powerful f o r  sys t ema t i c  error 
i n v e s t i g a t i o n s ,  p a r t i c u l a r l y  when on ly  one p r i n -  
c i p a l  measurement type  i s  a v a i l a b l e .  
3 . 3  S e r i a l  C o r r e l a t i o n  
The  r e s u l t s  of S e c t i o n  3 . 2  show t h a t  i n d i -  
v i d u a l  a s  w e l l  as  combinations of sys t ema t i c  
e r r o r s  of t h e  m o s t  ccmmon t y p e s  a re  completely 
masked i n  a s i n g l e - s t a t i o n  s h o r t  arc f i t .  The 
apparent  randomness l e a d s  one t o  ask  whether serial 
c o r r e l a t i o n  among the  measurements might a l s o  be 
masked i n  a s ing le - s t a t i . cn  s o l u t i o n .  T o  tes t  f o r  
t h i s  p o s s i b i l i t y ,  t h e  fo l lowing  tes t  w a s  devised:  
The 8 October 1 9 6 6  d a t a ,  which p rev ious ly  checked 
o u t  t o  be n o t  s i g n i f i c a n t l y  non-random wi th  a 
no i se  l e v e l  of 1 . 6 0  meters r m s ,  was a r t i f i c i a l l y  
c o r r e l a t e d .  A s e t  of  e r r o r s  w i t h  mean zero and 
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s t anda rd  d e v i a t i o n  o f  f i f t y  meters w a s  gene ra t ed  
i n  a Monte Car lo  fash ion .  
e r r o r s ,  which w e  denote  i n  t i m e  o r d e r  by 
(cl, E ~ ,  c 3  .... E ) w e r e  c o r r e l a t e d  us ing  t h e  
fo l lowing  expression:  
These independent 
t 
t-1 a €  
- * 
Et - 
where a w a s  chosen such 
between and w a s  
* * 
+ E t  , 
t h a t  t h e  c o r r e l a t i o n  
0 . 9 .  Having gene ra t ed  
t h e s e  c o r r e l a t e d  e r r o r s ,  t h e  range  measurements 
wi th  t h e  c o r r e l a t e d  errors added w e r e  sub jec t ed  
t o  a s i n g l e  s t a t i o n  o r b i t a l  f i t .  The r e s u l t i n g  
s o l u t i o n  showed s i g n i f i c a n t l y  non-random r e s i d u a l s  
(normal d e v i a t e  - 6 . 5 )  w i t h  a n o i s e  l e v e l  of 4 3  
meters r m s  about  a mean of 0 . 2  meter. 
These  r e s u l t s  s t r e n g t h e n  t h e  prev ious  
conclus ion  t h a t  t h e  l a s e r  p rov ides  independent 
measurements, even a t  t h e  r a t e  of one p e r  second. 
( 3  6) 
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4 . 0  INTERCOMPARISON O F  LASER AND DOPPLER DATA 
Having e s t a b l i s h e d  t h e  i n t e r n a l  cons i s t ency  
of t h e  laser t r ack ing  d a t a  through t h e  prev ious  
s i n g l e - s t a t i o n  s o l u t i o n s ,  we now e s t a b l i s h  t h e  
q u a l i t y  of t h e  d a t a  by comparing it wi th  d a t a  
acqu i r ed  from o the r  g e o d e t i c  t r a c k i n g  instrumen- 
t a t i o n .  Th i s  is commonly done by reducing  d a t a  
from two o r  more s y s t e m s  t r a c k i n g  a g iven  satel-  
l i t e  where near-simultaneous d a t a  i s  avai lable .  
A t y p i c a l  s i t u a t i o n  o f  t h i s  kind i s  d e p i c t e d  i n  
F i g u r e l 3 ,  where the GSFC laser  a t  Rosman, North 
C a r o l i n a ,  and t h e  Applied Phys ic s  Laboratory 
Trane t  Doppler s t a t i o n  a t  Howard County, Maryland, 
were t r a c k i n g  GEOS-A. These d a t a  were ob ta ined  
on 9 September 1966 .  
The major concern i n  reducing  data  from 
two o r  more sys tems i n  a common s o l u t i o n  i s  t o  
e s t a b l i s h  t h e  proper weight  f o r  each type  of 
measurement; i . e . ,  each measurement must be 
a s s igned  a weight which i s  i n v e r s e l y  p r o p o r t i o n a l  
t o  t h e  square  of  s t anda rd  error of t h e  no i se  i n  
t h e  measurement. One means of e s t i m a t i n g  t h e  
n o i s e  i s  t o  reduce t h e  d a t a  from each s t a t i o n  
i n d i v i d u a l l y ,  as was done i n  t h e  case of t h e  l a s e r .  
T h i s  has t h e  advantage of suppress ing  t h e  e f f e c t  
of any sys t ema t i c  e r r o r s  and of  g i v i n g  a v a l i d  
estimate of t h e  no ise  .only.  
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4.1 Doppler Range-Rate Only S o l u t i o n  
Range-rate d a t a  a v a i l a b l e  from t h e  Trane t  
Doppler System was reduced i n  a s i n g l e - s t a t i o n  
s h o r t  arc s o l u t i o n  s i m i l a r  t o  t h a t  used f o r  t h e  
a n a l y s i s  of l aser  d a t a .  
The r e s u l t s  of t h e  r e d u c t i o n  showed t h a t  
t h e  Doppler d a t a  acqui red  a t  t h e  APL Howard 
County s i t e  had a noise  l e v e l  of  .03 m / s e c .  Like 
t h e  l a s e r  d a t a ,  t he  Doppler d a t a  d i d  n o t  appear  
s i g n i f i c a n t l y  non-random which i n d i c a t e d  t h a t  
b i a s  errors, i f  any, were f i t t e d  o u t  by a d j u s t -  
ment of t h e  o r b i t .  
4 . 2  Laser-Dotmler Combined S o l u t i o n s  
From t h e  s h o r t  arc s o l u t i o n s  wi th  laser  
on ly  and Doppler only d a t a ,  it i s  appa ren t ,  i f  n o t  
s u r p r i s i n g ,  t h a t  t he  former s o l u t i o n ,  a l though 
capab le  of p o s i t i o n i n g  t h e  s a t e l l i t e  wi th  somewhat 
more accuracy than  t h e  r a n g e - r a t e  s o l u t i o n ,  i s  
cons ide rab ly  weaker i n  de te rmining  t h e  s a t e l l i t e  
v e l o c i t y  than  t h e  Doppler d a t a .  The combined 
s o l u t i o n  w i t h  p rope r ly  weighted d a t a  may w e l l  
p rovide  t h e  s t a t e - o f - t h e - a r t  i n  o r b i t  determina- 
t i o n .  A s  an i n i t i a l  s t e p ,  a combined s o l u t i o n  was 
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ob ta ined  us ing  as r e l a t i v e  weights  t h e  r e s u l t s  
of t h e  laser only and Doppler on ly  s o l u t i o n s .  
The r e s u l t s  a r e  summarized below. 
N o r m a l  
RMS Range- Dev Range- 
Range Rate Range R a t e  
RMS Normal Dev 
Laser on ly  1 . 6  m 
s o l u t i o n  
Doppler on ly  .03 
s o l u t i o n  m/sec 
-2 .0 
-1.89 
Laser/Doppler 1 . 6  m . 0 4  -1 .79  - 4 . 1 1  
s o l u t i o n  m/sec 
The t a b l e  shows t h a t  t h e  Doppler RMS 
i n c r e a s e s  s l i g h t l y ,  and t h e  r e s i d u a l s  e x h i b i t  
a sys t ema t i c  t r e n d .  Add i t iona l  s t u d i e s  are  be ing  
made t o  i d e n t i f y  t h e  source  of t h i s  s y s t e m a t i c  
t r e n d .  
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A P P E N D I X  A 
PRE-PROCESSING PROCEDURE 
The d a t a  a v a i l a b l e  from t h e  GSFC Laser  Track- 
ing  System a r e  t h e  fo l lowing :  
1. 
2. 
3 .  
4 .  
5. 
6. 
7. 
8. 
9 .  
I t e m  ( 9 )  
S a t e l l i t e  number 
Year, month, day of obse rva t ion  
Hour, minute of o b s e r v a t i o n  
Second (on t h e  even WWV rece ived  second) 
of i n i t i a t i o n  of l a s e r  e n e r g i z i n g  p u l s e  
Delay from even second (4) t o  i n i t i a t i o n  
of l a s e r  r a d i a t i o n  
Round t r i p  t i m e  of l a s e r  p u l s e  from 
s t a t i o n  t o  s a t e l l i t e  
Azimuth ( excep t  BE-C) 
E leva t ion  ( excep t  BE-C) 
T o t a l  delay i n  s i g n a l  due t o  t e l e s c o p e  
o p t i c a l  p a t h  l e n g t h  and de lay  through 
p h o t o m u l t i p l i e r  t u b e .  
i s  measured a g a i n s t  over  a p r e c i s e l y  c a l i -  
b r a t e d  range before  and a f t e r  each pass .  
6 3  
c 
We denote the nominal observation time 
represented by items ( 2 ) ,  ( 3 ) ,  and ( 4 )  as T, 
while items (5) and ( 6 )  are respectively denoted 
by At and tR. The delay ( 9 )  is denoted by tD. 
A.l Computation of Time of 0bservat.ion 
The time of the observation is somewhat 
ill-defined in that the question to be answered 
is, Inat what time was the range to the satellite 
that which was measured?" Because the satellite 
is in continuous motion, this is not exactly 
determinable. To a good approximation, this 
time is one-half the round trip interval, tR, 
added to the time at which the laser began to 
radiate. However, the measured round trip inter- 
val is too long by an amount t therefore, the Di 
is given by: time of observation 
T o = T t  1 At + - 2 (tR - tD) 
6 4  e 
A . 2  Conversion of Time Interval to Range 
The range is computed from the round-trip 
time interval adjusted for the delay tD by multi- 
plying by the speed of light, c, divided by two. 
The value used for the speed of light is 
C = 2.997925 x 10 8 meters/second; (A.2) 
thus 
A.3 First Order Refraction Correction to Range 
The conversion of time interval to range 
given in A.2 uses the speed of light in vacuum; 
however, the light pulse considered here traverses 
varying distances through the atmosphere depending 
on the elevation angle of the satellite from the 
observing station. The intervening atmosphere, 
which increases the optical path from the station 
to the satellite, causes the measured range, R, 
be longer than the true slant range, 
to 
RC 
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Figure  31 shows t h a t  t o  a f i r s t  approxima- 
t i o n  t h e  d i s t a n c e  t r a v e r s e d  through t h e  atmosphere 
i n c r e a s e s  as cse E where E i s  t h e  e l e v a t i o n  
0' 0 
angle*.  I f  it i s  f u r t h e r  assumed t h a t  t h e  atmos- 
p h e r i c  d e n s i t y  dec reases  e x p o n e n t i a l l y  wi th  a l t i -  
t ude ,  t h e  index of  r e f r a c t i o n  t a k e s  t h e  form 
where 
h = a l t i t u d e  
H = scale h e i g h t  = 7 . 5  k i lome te r s  
= (no - 1) 
NO 
NS = (ns - 1) 
and 
n = ground l e v e l  index of r e f r a c t i o n  
n = index o f  r e f r a c t i o n  a t  t h e  s a t e l l i t e .  
0 
S 
* This  approximation i s  good f o r  Eo > loo. 
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6 7  
T o  compute t h e  d i f f e r e n c e  between t h e  o p t i -  
c a l  p a t h  l e n g t h  and t r u e  range w e  w i l l  f i r s t  con- 
s i d e r  t h e  s i t u a t i o n  where t h e  s a t e l l i t e  i s  d i r e c t l y  
above t h e  s t a t i o n  a t  a n  a l t i t u d e  h. The o p t i c a l  
p a t h  l e n g t h  i s  
h h 
-h 
R = h + (no-l)  H (l-e g ) ;  ( A . 6 )  
whereas, 
= h.  Rc 
Therefore ,  t h e  f i r s t  o r d e r  c o r r e c t i o n  t o  ' 
t h e  measured range i s  
-h 
-1) H (1-e R) . - AR = R - Rc - (no 
6 8  
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For t h e  c a s e  of i n t e r e s t  h >> H t h u s  
AR = (no - 1) H . (A .  9) 
A nominal ground l e v e l  index of r e f r a c t i o n  f o r  
t h e  r e d  end of t h e  spectrum i s  1 . 0 0 0 2 9 1 6 ;  conse- 
q u e n t l y ,  u s ing  a s c a l e  h e i g h t  of 7 .5  km., w e  
f i n d  
AR = 2 . 1  meters . ( A .  1 0 )  
I f  w e  now t a k e  i n t o  account  t h e  i n c r e a s e  i n  
atmosphere t r a v e r s e d  wi th  d e c r e a s i n g  e l e v a t i o n  
ang le ,  w e  f i n d  
AR = 2 . 1  csc Eo meters . ( A .  11) 
I n  t h e  case of ana lyz ing  BE-C d a t a ,  4 and 5 
May 1 9 6 6 ,  where no e l e v a t i o n  a n g l e  informat ion  
w a s  a v a i l a b l e ,  a p re l imina ry  s h o r t  arc was f i t  t o  
t h e  range d a t a ,  and t h e  e l e v a t i o n  a n g l e s  w e r e  com- 
puted f o r  use i n  t h e  r e f r a c t i o n  c o r r e c t i o n .  
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